Abstract. Observational evidence suggests that the large scale dynamics of the universe is presently dominated by dark energy, meaning a non-luminous cosmological constituent with a negative value of the pressure to density ratio w = P/ρ, which would be unstable if purely fluid, but could be stable if effectively solid with sufficient rigidity. It was suggested by Bucher and Spergel that such a solid constituent might be constituted by an effectively cold (meaning approximately static) distribution of cosmic strings with w = −1/3, or membranes with the observationally more favoured value w = −2/3, but it was not established whether the rigidity in such models actually would be sufficient for stabilisation. The present article provides an explicit evaluation of the rigidity to density ratio, which is shown to be given in both string and membrane cases by µ/ρ = 4/15, and it is confirmed that this is indeed sufficient for stabilisation.
Introduction
It was pointed out by Bucher and Spergel [1] that an underlying dark matter constituent having an approximately uniform (unclustered) density distribution ρ with a strongly negative value of its pressure P could account for many of the observed features of the universe on a large scale, and in particular the cosmologicl acceleration suggested by supernova measurements. More specifically they pointed out that such a constituent might be provided by a suitable distribution of topological defects, whose averaged tension would be able to provide a negative pressure, provided the positive pressure contribution from kinetic effects is not too large, i.e. provided the distribution is effectively cold enough to be treated as approximately static.
In the case of ordinary Nambu-Goto type cosmic strings, Bucher and Spergel noted [1] that for static isotropic distribution the pressure to density ratio, w = P/ρ (in relativistic units, meaning unit light speed) would be given by w = −1/3. Moreover, as pointed out by Kubotami and coworkers [2, 3] , in the case of ordinary Dirac type membranes (such as would be constituted by domain walls) in a cellular foam configuration the ensuing value would be w = −2/3 which is fairly close [4] to what is considered [5] to be observationally favoured. For a purely fluid medium such negative pressure would of course entail local instability on a microscopic timescale, as symptomised by an imaginary value for the propagation velocity c S of small propagations according to the usual sound speed formula
In reponse to this implied objection, Bucher and Spergel claimed however that a medium constituted of randomly oriented cosmic strings or cosmic membranes would behave like an elastic solid, which can be stable even when the pressure is negative provided the rigidity is sufficient. The aim of the present work is to justify this claim for these particular models, and thereby establish their viability, by actually evaluating the relevant rigidity modulus µ and showing that it really will be sufficiently large.
The criterion for local stability
The formula needed for evaluating the effect of rigidity on the propagation velocity in question was obtained at an early stage [6] in a long term program whereby the elastic perturbation theory needed in the present cosmological context was originally developed [7] for application to relativistic solid medium occurring in the local context of a neutron star crust. As in the terrestrially familiar non-relativistic limit, a solid medium of the isotropic kind under consideration here will admit transversly polarised -shake type -modes with propagation speed c ⊥ , as well as a longitudinally polarised -sound type -mode with propagation speed c . It was shown [6] that the latter would exceed the ordinary fluid sound speed value (1) by an amount proportional to the rigidity modulus µ according to the formula
in which the squared shake mode speed is given by
For stabilisation of the medium -by making c 2 positive, even if c
is not -the necessary and sufficient condition is therefore
where β is the bulk modulus, as defined in the relativistic case [6, 7] by the formula
(which reduces to the familiar form β = ρ dP/dρ in the non-relativistic limit |P | ≪ ρ).
The requirement (4) simplifies to µ > −3 γP/4 in the case of a polytropic equation of state, as given in terms of a conserved number density n and constants γ, κ, and m by ρ = κ n γ + m n which gives P = (γ − 1) κ n γ . The models considered here are obtainable within this polytropic category in the zero-mass limit m = 0, for which the bulk modulus will be given just by
Since we shall have γ = 2/3 in the string case, and γ = 1/3 in the membrane case, it follows that the bulk modulus will have a negative (and thus destabilising) value that will be given by the same formula,
in both string and membrane cases, and it can be seen that this result will still be valid for a (non polytropic) mixture with ρ = κ 1 n 1/3 + κ 2 n 2/3 . It follows that, for either case separately and also for a mixed system of strings and membranes, the stability criterion (4) will reduce to a requirement of the same simple form, namely
3 Evaluation of the rigidity
The new result provided by the present work is the explicit evaluation of the rigidity modulus µ, and the confirmation that the ratio µ/ρ -which turns out to be the same for strings as for membranes -actually will satisfy the stability condition (8) .
As in ordinary non-relativistic elasticity theory [8] , so also in the relativistic theory [6, 7] needed here, the required modulus µ is definable, for an (initially) isotropic state, by expressing the static -quadratic order -change in the mass-energy density ρ due to an infinitesimal volume conserving space displacement as ∆ρ = µ e ij e ij ,
(the most general isotropic possibility) where e ij is the infinitesimal strain tensor, which, for a displacement given in Cartesian coordinates by
, is defined as the symmetric part of the deformation matrix: e ij = (ε ij + ε ji )/2.
The restriction that (to avoid the presence of an additional energy variation contribution due to the pressure) the displacement must be such as to conserve volume is expressible as the requirement that the Jacobean determinant |∂x/∂x| should be unity (which entails that the trace e i i , like the variation ∆ρ, will vanish to linear -though not higher -order in ε). An obvious way of satisfying this restriction is to take a symmetric (zero curl) "pure" shear deformation as obtained in terms of coordinates
= z by settingx = (1 + ε)x,ỹ = y,z = z/(1 + ε), which when substituted in (9) gives an expression of the form ∆ρ = 2 µ ε 2 ,
to second order in ε. The value of µ can be read out from this formula when the corresponding variation ∆ρ has been worked out. However the required value of µ is equivalently obtainable in a computationally more convenient way by considering the effect on ρ of an asymmetric (non-zero curl) "simple" shear deformation as given bỹ
which is the kind of deformation that is produced dynamically by a transverse perturbation mode of the kind with propagation speed (in the z direction) given by (3). It can be checked that a deformation of the (naturally occurring) "simple" kind given by (11) will provide a second order expression of the same form (10) as was obtained for the (more artificial) "pure" kind of shear deformation considered above. To evaluate the density variation ∆ρ produced -as the left hand side of (10) -by the action of the "simple" volume conserving transformation (11) on a distribution of randomly oriented strings, let us consider the case of a sample string segment from the origin to a point with coordinates given by the components, {x, y, 1} say, of a vector ℓ, which will be mapped to a vector ℓ + ∆ ℓ with coordinates {x + 2 ε, y, 1}. The length ℓ = (x 2 + y 2 + 1) 1/2 of the segment will thus undergo a fractional change that can be seen to be given, to quadratic order in ε, by
Since the mass-energy of a static Nambu Goto string segment is obtained simply by multiplying its length by the fixed value, T say, of its tension, the formula (12) immediately provides the fractional change in the contribution to the mass density ρ from strings with the chosen direction, as given in polar coordinates by x = tan θ cos φ, y = tan θ sin φ. Since the model is based on the postulate that the strings have a random isotropic distribution, their net effect will be obtainable just by taking the spherical average of (12) over the polar cordinate values θ, φ, which gives a formula in which the first order part cancels out, leaving just the quadratic term,
To evaluate the effect of the same "simple" shear deformation (11) on a distribution of plane membranes, consider a parallelogram shaped sample segment spanned by two vectors, ℓ 1 , with components {x 1 , 1, 0}, which will not change, and ℓ 2 , with components {x 2 , 0, 1}, which will be deformed to {(x 2 + 2ε), 0, 1}. The membrane analogue of the string formula (13) for the effect on the density of an isotropic distribution is
where A is the sample area, which will be given by the magnitude of the vector product A = ℓ 1 × ℓ 2 , with components {1, x 1 , −x 2 } in the direction normal to the membrane. The deformation (11) will map this area-calibrated normal vector to A + ∆ A, with components {1, x 1 , −(x 2 + 2 ε)}. Since this transformation is formally identical to that of the string segment considered above, except for a permutation of the roles of the x and z axes, the final result (after spherical averaging) will be the same. This reasonning provides a theorem to the effect that -like the bulk modulus β as given by (7) -the rigidity modulus µ of the isotropic cosmic membrane distribution will be identical to that of an isotropic cosmic string distribution with the same density ρ. Thus by comparison of (13) with the defining formula (10) it can be seen that the actual value of the rigidity modulus will be given not only the string case, but also in the membrane case or for a mixed system of strings and membranes, by the same simple formula
Conclusions
It is evident that the value given by (15), not only for a pure membrane system but also for a combined system of membranes and strings (such as might constitute membrane junctions) does indeed satisfy the stability condition (8) for such pure or mixed systems, so the intrinsic viability of the solid universe hypothesis is confirmed.
As an immediate consequence, it follows that, according to the formulae (2) and (3), we shall obtain real values for the propagation speeds of longitudinal as well as transvers propagation modes. For the latter, substitution of (15) into (3) gives
so the (transverse) shake wave speed will be given by
for the string and membrane cases respectively. The corresponding formula obtained from (2) for the longitudinal wave speed will take the form
which will indeed be consistent with the stability criterion (4), since it clearly provides a real valued propagation speed for any positive value of the polytropic index,
In particular it can be seen that the longitudinal propagation speed will be given by
in the string and membrane cases respectively, the last of these possibilities being the one that is of greatest cosmological interest. It is to be emphasised that the present analysis applies only to the idealised cold limit in which thermal [9] or other kinetic excitations of the world sheets are assumed to be negligible. If such effects were significant, they would tend [10] to reduce the effective mean tension, giving lower propagation speeds and making it more difficult to obtain the cosmological acceleration that seems [5] to be observed.
On the supposition that, as the present work confirms, the membrane domination scenario deserves to be taken seriously, Bucher and Spergel made a first attempt at evaluating the energy scale, η say, characterising the tension, T ≈ η 3 , of the required membranes and the cosmological temperature, Θ ≈ η, of their presumed formation by some kind [3] of spontaneous symmetry breaking mechanism. Their estimate was based however on an unrealistic assumption to the effect that the relevant correlation lengthscale at the epoch of formation would be the maximum permitted by causality [1] . A recent reconsideration of this question by one of the present authors [11] has shown that, although it is more realistic to suppose the relevant correlation length to be very much smaller than the causal limit, nevertheless the effect of the appropriate correction on the estimated value of η is relatively moderate. This implies that Bucher and Spergel's provisional conclusion that the scenario poses no heirarchy problem remains valid. What this means is that the range of conceivable values for η overlaps with the mass range for already known elementary particles, with the corollary that the present foam mesh scale of the membrane distribution will be comparable [1, 11] with interstellar (rather than intergalactic) separation lengthscales.
